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This supplementary material contains technical details on the structure of the Grassmann man-
ifold (Section A), our shooting strategy for Grassmannian geodesic regression (GGR, Section
B), and the continuous piecewise GGR (Section C). The references to sections that appear in the
paper [2] are marked as [Paper, §xxx]. The source code and further updates are also provided
here: https://yi_hong@bitbucket.org/yi_hong/ggr.git.

A. Geodesic Equation / Variational Problem

To obtain the geodesic equation for the Grassmannian manifold G(p,n), we first consider curves
Y (r) € V(p,n) and then refine the characterization of the tangents to tangents on G(p,n). The
energy we want to minimize is

E(Y(r)) :/0 tr Y(r) 'Y (r) dr, 1)
st.Y(0) =Yy, Y()=Y,and Y'Y =1, .

In the paper, we use rg and r; as the integration bounds with rqg = 0 and 1 = 1. From [1], we
know that for Y being a representer for an element ) of G(p,n), tangent vectors take the form

A=Y ,B=(I,-YY')C, (2)

where C € R"*P arbitrary. After dropping the argument r and the arguments of the energy in (1)
for readability, the minimization problem becomes minimizing

1 1
E= / trC'(I, - YY" )(I,-YY")C dr= / tr C'(I, - YY)C dr (3)
0 0


https://yi_hong@bitbucket.org/yi_hong/ggr.git

such that Y = (I, — YYT)C, and Y(0) = Yo, Y(1) = Yy, and Y'Y = I,. Since we know that
by enforcing the evolution equation for Y, Y'Y = I, will be fulfilled if it is fulfilled initially, it is
sufficient to enforce Y (0) Y (0) = I, instead of enforcing it at every time point. To see this, note
that

di(YTY) =Y'Y4+Y'Y=CTI-YYHY+Y(I,-YYT)C =0, (4)
,

ie., Y'Y is constant under the evolution equation for Y. Adding the constraints through La-
grangian multipliers, our objective is to find the critical points of the saddle point problem

1
E(C,Y,\) :/ tr CT(I, =YY" C+tr \'(Y — (I, - YY")C) dr + )
0
tr AL (Y(0)Y(0) -1, .
The variation is

1
SF = / tr (0C'(I, - YY")C+C'(I,-YY')SC +C"(-0YY' —YsY")C) +
0

tr GOAT(Y = (I, = YY)C)) +tr AT(6Y +6YY'C+YSY'C— (I, - YY)3C)) dr + (6)
tr oA (Y(0)TY(0) —1,) +tr A\ (Y (0)TY(0) +Y(0)"5Y(0)) .

Collecting terms' yields
1
0F = / tr (2CT (I, - YY) = AT(I, =YY "))6C +tr oA (Y — (I, - YYT)C) +
0

tr (=2YTCCT = AT+ YTCAT + YTACT)SY dr + @
tr [N OY]p +tr SN (Y(0)TY(0) —1,) +tr (\] +A.)Y(0)"6Y(0) .

Hence, we obtain the following optimality conditions

I
o o o

(2CT —AT)(T, - YY)
Y-(I,-YY")C
AT —2vTccT+yY'eaT +yY"aCT

; (8)
; (9)
; (10)

subject to the boundary conditions Y(0) = Yo, Y(1) = Y;. Note: To obtain the geodesic
equation, it is not necessary to obtain an expression for the dynamics of A and Y. Instead, we can
simply multiply the evolution equation for Y, i.e., (9) from the left with Y "2. This yields

Y'Y-Y'(I,-YYHC=YTY=0, (11)
which upon differentiation becomes
Y'Y+Y'Y=0. (12)
This expression is different from the one given in [1]:

Y+YY'Y=0. (13)

1Useful relations are: integration by parts and tr A =tr AT, tr AB = tr BA, tr ABC = tr CAB = tr BCA.
2This would not even have required setting up the variational problem in the first place.



However, substituting (13) into (12) yields
Y (-YY'Y)+Y'Y=0. (14)

Hence, these equations are equivalent. Note also that by using the evolution equation (9) for Y,
and the relation between C and A, given in (8), we obtain upon left multiplication of the evolution
equation (10) for A with (I, — YY)

L, —YYT)(=A+ %)\)\TY) =0 . (15)

This determines the evolution of A\ up to a projection onto the orthogonal complement of Y. For
a free initial condition Y (0), we obtain the additional optimality condition

—XM0)+YO)Ae+A)=0. (16)
By multiplying, from the left, with Y (0)T we obtain
Ae + A =Y (0)TA0) . (17)
Backsubstitution (to eliminate A.) then yields the condition
— (I, = Y(0)Y(0)")A(0) =0 . (18)
Hence, the gradient of E with respect to this initial condition Y (0) is given by
Vy0)E =Vy(0)d*(Y(0),Yy)

=— (I, = Y(0)Y(0)T)A(0)
Y (1, - Y(0)Y(0)")2C

D _9v(0)

(19)

which can be regarded as the gradient of the squared geodesic distance with respect to its current
initial condition.

B. Derivation of Geodesic Shooting

In this section, we derive the shooting solution to the energy minimization problem [Paper, §3.1].
The shooting based energy for the geodesic determined by two representers, Yy and Y7, is

B(Y(r0), ¥(r0)) = o tr Y(r0) Y (r0) + (¥ (1), Y1) (20)
subject to the constraints
Y(ro) ' Y(ro) = 1, (21)
Y (rg Tj{(ro) = 0, (22)
Yr) 4+ Y@ [YE)'Yr)] = 0 (23)



with balancing constants @ > 0,0 > 0. Note: As for a geodesic path the velocity has to be
constant, we have replaced the integral, cf. (1), in the first term of (20) by its initial condition. To
simplify computations, we replace the second order geodesic constraint by a system of first order.
Specifically, introducing the auxiliary variables

Xi(r)=Y(r) and Xa(r)= Y(r) (24)

allows to write the shooting energy of (20) as

B(Xi(ro), Xa(ro)) = a tr Xa(ro) " Xa(ro) + —5(Xy (), Y1) (25)
such that
Xi(r) = Xal0), (26)
Xo(r) = =Xi(r)[Xa(r) Xa(r)], (27)
Xl(To)Txl(T()) = Ip, (28)
Xl(’l“o TXQ(T‘()) = 0. (29)

Now, adding the constraints (26) — (29) through Lagrangian multipliers, we obtain the saddle-point
problem associated with (20) as

E(Xl(To),Xg(To)) = tr X2(TO)TX2(T‘O) + $d2(X1(7"1),Y1) +

/ Y AT (Xa(r) — Xa(r) dr + / i do(r) T (Xa(r) + X (1) (Xa(r) X (1) dr + (30)

T0 T0

tr A;Xl(ro)TXQ(To) + tr )‘I(Xl (To)Txl(To) — Ip) .

Note: The Lagrangian multipliers A;(r) and A2(r) are dependent on the measurement variable r,
whereas A3 and A4 are constants. Computing the associated variation yields

(5E(X1(’I“0), XQ(T())) = o tr 2X2(T‘0)T(5X2(7‘0) + %le(rl)(dZ(X1<T1)7Yl))T(SXl (7“1) =+

/ U ()T (0K () — 0Xa(r)) + tr 01 ()T (Xa (1) — Xa(r)) dr +

To

[0 (6% r) + 54 1) (o) X)) + X (1) (6K ) Xar) + Xa(r)T6Xa(0) +
tr 6)\2(T)T(X2(T) + Xl(T')(XQ(’r‘)TXQ(T))) dr +
tr A;(éxl(ro)TXQ(To> + X.]_(TO)T(SXQ(TO)) +tr 6)\3T(X1(7“0)TX2(7“0)) +
tr )\I((le(’ro)—rxl(’ro) + Xl(To)T(le(To)) + tr 5/\I(X1(T0)TX1(T0) - Ip) .

(31)



After collecting terms and integration by parts, we obtain

SE(X1(ro), Xa(ro)) = tr (=A1(ro) " + AsXa(ro) " + MXi(ro) T 4+ A X1 (ro) T)oX 1 (r0)

+

1

br (avxl(rl)(dz(xl(rl)aYl))T + )\1(T1)T)5X1 7’1)+
+

T

(
tr (2aX2(r0) " — Aa(r0) T 4 A3 X1 (r0) T)0Xa(ro) + tr Ag(r1) T6Xa(r1)
)

/Tl tr (7)'\1(1")T + XQ(T)TXQ(T)AQ(T)T)(SXl(T) dr +/ ' tr (5)\1(T)T(X1(T’) — XQ(T’) d?”+ (32)

/ o ()T = ()T 4 X () A ()Xo ()T + Aa(r) "X (1) Xa (1) T )X (1) it

To

/ . o (r) T (X (r) + X (r)(Xa(r) T Xa(r)) dr+

To

tr (5)\;<X1 (’I“o)TXQ(T())) + tr 6>\I(X1(T0>TX1(T0) — Ip) .

Hence, the following optimality conditions result:

Xl(T‘) = XQ(’I’),
{Xm Xy () (X ()X (1), (%)
{W) = Do) Xs(r) Xs(r), (34)
Aa(r) = =Ai(r) + KXo (r) Ao (r) "Xa(r) + Xa(r) " A2 ()],
with boundary conditions and constraints
Xi(ro) = Y(ro) (35)
Xs(ro) = Y(ro) (36)
M (1) = = =5V, (51 (), Y1) (37)
)\2(7‘1) = 0, (38)
X1 (ro) " Xa(ro) =0, (39)
X1 (ro) " Xu(ro) =1, (40)

To compute the geodesic from a starting point Y (rg), we want to determine Y (rq) instead of
imposing it, hence Xa(rg) is free which yields the condition from (32)

20X5(rg) — A2(ro) + X1 (ro) Az = 0. (41)
Multiplying this equation from the left by X;(r¢) " yields
A3 = Xi(ro) " Aa(ro) - (42)
and condition (41) becomes

204X2<’l"0> — (In — Xl(To)Xl (TQ)T))\Q(TO) =0. (43)



As this cannot be solved in closed form, we use an adjoint optimization problem and simply interpret

(43) as the gradient with respect to the sought—for initial condition Xs(rg) = Y (ro)
VX2(TO)E = 204X2<’I"0> — (In — XI(TO)Xl (TQ)T))\Q(T()) . (44)

In anticipation of the full regression formulation we also need the gradient with respect to Xy (rg).
If X1 (rg) is free we obtain the additional optimality condition from (32)

— M (r0) + Xa(ro)A3 +Xi(ro)(Ma+ XA ) =0 . (45)
Multiplying this equation from the left by X;(r¢) " yields
A+ A =X (ro) " Ai(ro) - (46)
Backsubstitution of (46) into (45) and using (42) for A3 then yields
— (I, — X1 (r0)X1(r0) ")A1(ro) + Xa(ro)Az(ro) ' X1(rg) =0 (47)
and consequently
Vi) B = —(In = X1(r0)X1(ro) A1 (ro) + Xa(ro)Xa(ro) ' Xi(ro) - (48)

The derivation of geodesic shooting for multiple points is similar to the above procedures for
two points, except for the data matching term, i.e., the second term in (20), which then includes
distance terms for multiple measurements. This extension will not change the optimality conditions
for initial conditions (X1 (r) and X2 (r)) and the Lagrangian multipliers (A1 (r) and Az(r)), which are
dependent on the variable r. But it will bring jumps to A1(r) at the location of each measurement,
r;, which is similar to its boundary condition (37).

By shooting the optimality conditions (33) for the initial conditions forward, and the optimality
conditions (34) for Lagrangian multipliers backward, as well as updating the initial conditions with
gradients ((48) and (44)), we can solve the minimization problem for multiple points as shown in
[Paper, Algorithm 1].

C. Continuous Piecewise GGR

Using the adjoint method, it is easy to extend the Grassmannian geodesic regression (GGR) to a
continuous piecewise version. In the following derivation, we mainly discuss the extension to two
segments with the optimized location of the breakpoint; this is straightforward to be generalized to
multiple segments, shown in Algorithms 1 and 2.

C.1. Optimal solution for fixed breakpoints

Given a set of data points on the Grassmannian, represented by Y;, and the breakpoints of the
segments, we aim to find a continuous piecewise geodesic to fit these data measurements. To
simplify the problem, we take two segments, e.g., [0,t—] and [t+, 1], with ¢ as the breakpoint. So
the energy to be minimized is

N—-1
E(X1(0), X5(0), X3(t+)) = atr X2(0) "X2(0) 4+ atr Xs(t4) X (t+) + % D d*(Xa(ri), Ya), (49)
=0



such that

X, =Xy, Xo=-X;XJX,, X;0)7X,00)=1I X;(0)TX5(0)=0, [0,t—]
X, =X;, Xs=-X;XJXs X(t+) X3(t+) =0, [t+,1] (50)
Xy (t—) = X (t+) .

Here, (X1(0),X2(0)) is the initial point and the initial velocity for the first segment, and
(X1(t+),X3(t+)) is the initial point and velocity for the second segment. By using the Lagrangian
multipliers from A; to Ag, we can add all the eight constraints in (50) into the energy function for
minimization. This yields

N—
E = atr X,(0)"X5(0) + atr Xs(t+) T Xa(t+) Z (X41(r:),Y;)
=0

t—

t— 1
+/ tr A} (X, — Xy)dr +/ tr Ay (Xo 4+ X, Xg Xy)dr +/ tr Ay (Xy — X3)dr
0 0

. (51)

1
+/ tr Ay (X3 + XX Xa)dr + tr Ad (X;(0) "X, (0) - I)
t+
+tr Ag X1(0) T Xo(0) + tr Af Xy (t+) " Xa(t+) +tr Ag (Xy(t—) — Xy (t+)) .
To obtain the optimality conditions for the optimization problem, we compute its variation,

which results in

N-1
1
0F = atr 2X2(0)T5X2(0) + atr 2X3(t+)T5X3(t+) + ; Z VXI(”)dz(Xl(Ti),Yi)T(SXl(’I"i)
=0

t— t—
+/ tr(Xy — Xo) ToNdr + tr A (t=) T6X (t—) — tr A1 (0)T6X,(0) —/ tr A Xy dr
0 0
t— t—
—/ tr \] 0Xodr + / tr(Xo + X1 X9 Xo) Todadr 4 tr Ao (t—) T6X o (t—) — tr Ao (0) T6X5(0)
0 0
t— t— t—
- / tr Ay 6Xodr + / tr Xg Xodg 06X dr + / (X Mg + Ay X1)Xg 6Xodr
0 0 0

1 1
+/ t’l"(Xl — X3)T(5)\3d’l" +tir )\3(1)T6X1(1) —tr )\3(t+)T5X1(t+) — / tr A;éder
t+ t+

1

1
—/ trA§5X3dr+/ tr(Xs + X1 X3 X3) Togdr 4+ tr Ay (1) T0X3(1) — tr Ay (t+) T0X3(t+)
t+ t+

1 1 1
- / tr \j 6Xadr + / tr X4 X3\, 6Xqdr + / tr(X ] A 4+ N X0)XJ 6Xdr
t+ t+ t+

+tr(X1(0) "X 1(0) — I) T0As5 4 tr(Xs + AJ )X (0) T6X,(0)
+tr(X1(0) " X2(0)) 6N + tr A X2(0) "X (0) + tr Ag X1(0) T 6Xo(0)+
+ t’f‘(Xl (t+)TX3(t+))T5)\7 + tr )\7X3 (t+)T5X1(t+) + tr )\?Xl(t+)T6X3 (t+)

+ (X (t=) — Xy (t4)) T0Ag + tr Ag X (t—) — tr Ag Xy (t+) .
(52)



By collecting terms we can simplify the variation as follows:
t_ . t_ .
0F = / tr(Xy — X)) "o\ dr +/ tr(Xo 4+ X1 Xy Xo) " dhodr
0 0

t— t—
+/ tr(=A] + XJ XoA\) )6X dr + / tr(=Ag — A + (X] A2 4+ Ag X1)XJ )0Xodr
0 0

1 1
+/ tT(Xl — X3)T6)\3d’l“ + / tT(Xg, + X1X;X3)T5)\4dr
t+ t+

1

1
+/ (=3 + XJ XsA])0X, dr +/ tr(=A — Mg+ (X] Mg + M\ X1)X] )6Xzdr
t+ t+

N—-1
1
+— D Vi@ (X (i), Yi) 10X (ri) + tr(=A1(0) T + (A5 + A )X1(0) T + X6X2(0) )X (0)
=0

+tr(2aX2(0) " — A (0) 4+ Ad X1(0) )Xo (0) 4 tr(=Az(t+) T + M Xs(t+) T — Ag )0X (t+)
+tr(2aX3(t+) " = Aa(t4+) T+ A Xy (t4) T)oX5(t4) + tr(Mi(t—) T + A )Xy (t—)

11 A (t—) T0X o (t—) 4 tr A3(1) "X (1) + tr Mg (1) T6X5(1) + (X1 (0) "X, (0) — 1) T6As
+11(X1(0) T X2(0)) "o + tr( Xy (t4) T X5 (t+)) ToA7 + tr(Xy (t—) — Xy (t+)) " oXs.

(53)
Because the variations should vanish, we can get the forward system
X1 = )(27 X2 = _X1X;X27 [Oat_} (54)
X, =Xz, Xz=-X;X]X3,  [t+1]
with boundary conditions
X1(0) = Y(0), Xa(0) =Y(0), (55)
Xy(t+) = Xa(t—), Xs(t+)=Y(t+) .

As we can see, for each segment, the state equations stay the same. The main difference lies in the
values of the initial conditions, that is, the point, X;, remains continuous at the breakpoint in the
forward integration, but the velocity, denoted by X5 and X3, will change according to the value
at the breakpoint. Y(0), Y(0), and Y(¢+) are unknown, and they will be updated using their
corresponding gradients, which will be discussed later.

From (53), we can also obtain equations for the backward system

).\1 = AQX;XQ, ).\2 = —/\1 + XQ(A;XI + X1T>\2)a [Ovt_] (56)
Az = MXg X5, M= A3+ Xs(A{ Xy + X \y), [t+,1]
with boundary conditions
1( 8 2( ) 3 (57)
(1) =0, Ay(1) =0



Here, A1 and A3 are equivalent since they are the adjoint variables for the point X; at different
segments. Similarly, Ao and A4 are the adjoint variables for the velocities, X5 and X3, at two
segments. So the adjoint equations for each segment are also the same, but the boundary conditions
are different at the breakpoint.

Since, X1(0) is the initial point at time 0, and it should be free, we set

—M1(0) + X1 (0)(As + A3 ) + X2(0)A¢ = 0. (58)
Through left multiplication by X;(0) ", we can obtain
A5+ A3 =X1(0) " A (0). (59)
Similarly, X5(0) is the initial velocity at time 0 and should be free, we set
2aX2(0) — A2(0) + X1(0)A¢ = 0. (60)
Left multiplication by X;(0)T gives
Xs = X1(0) " A2(0). (61)
By substituting the values of A5 and/or Ag into the left side of (58) and (60), we can obtain the
gradients for X;(0) and X3(0) as
Vx,F = —(I = X1(0)X1(0) )1 (0) + X2(0)A2(0) " X1(0), (62)
Va0 E = 20X5(0) — (I —X;(0)X1(0) ") A2(0). (63)

Besides, X3(t+) is the initial velocity at the breakpoint, and it also should be free. To obtain
its gradient, we set

204X3(t+) — )\4(t+) + Xl(t-i-))w =0. (64)
Left multiplication by X;(¢+) T results in
Ar = X (t4) T A (). (65)

So by substituting the value of A7 into the left side of (64), we can obtain the gradient for

Vxs(i) B = 20X (t+) — (I — X (t4) X1 (t4) ) A (t+). (66)

The gradients, Vx, )£ and Vx,+)F, share the same formulation because X(0) and X3 (t+)
are the initial velocity of each segment, A2(0) and A4(t+) are the corresponding adjoint variables,
and X;(0) and X;(t+) are the initial point of each segment. That is, we can use one formulation
to compute the gradient of the initial velocity for all segments.

There is still one thing left, computing the value of Ag. Because X;(¢+) is the initial point at
the breakpoint, but it has to be the same with the ending point of the previous piece, this means it
should not be free, and no gradient needs to be computed. But we can use it to compute the value
of Ag that is required for computing the boundary condition for A;:

— A3(t+) + Xs(t+)A] —As =0 (67)



Data: {(r;,Y:)}Y,!, a, 02, and breakpoints {t; 115,
Result: Y (rg), Y(ro), and {Y( D 1

Set initial Y (ro), Y (ro), and {Y (t;)} i

Set to = ro. // the minimal value of {r;}X ]\?
Set tg41 =rN—1. // the maximal value of {r;};_

while not converged do
for j := 0 to K do

X =X, Xi(t;) =Y(t
Solve { =" > 13 s) (t), : forward for r € [t;,t;41].
Xy = —X1(Xy Xa), Xo(t;) =Y(t))

end

As = 0.

for j := K to 0 do

A= XaXg X, Ai(tjp1+) = —As,

Ao = —A1 + X_Q()\;—X]_ + X;r)\g), )\2(tj+1) =
with jump conditions

Solve backward for r € [t;,t;41]

1
Ar(ri—) = Ai(rit) — gvxl(mdQ(Xl (ri), Yi), tj <ri<tjn

and VXI(H)CF (X1(r),Y;) is computed as in Section A. For multiple measurements at
a given r;, the jump conditions for each measurement are added up.
Compute boundary condition for A; at the breakpoint t;:

As = =1 (ti+) + Xa(t;)da(t;) X (t)).
Compute gradient with respect to the initial velocity at the breakpoint ¢; (or at the
point ro when j = 0):
Vi B = 20X (t) = (Tn = Xa(t)Xa(t5) N Aa(t).

end
Compute gradient with respect to the initial point:

VY(T‘())E = —(In — Xl(TQ)Xl(To)T))\l(TO—) + XQ(?"o))\Q(T())Txl(To).

Use a line search with these gradients to update Y (ro), Y (ro), and {Y(t; )M, as
described in [Paper, Algorithm 2].
end
Algorithm 1: Continuous Piecewise Regression on the Grassmannian

By substituting (65) into (67), we can compute the Ag as
As = —A3(t4) + Xa(tH)Aa(t+) "X, (t+) (68)

The last term -y Zl o Vx 2 d*(X1(r3),Y;) 70X (r;) will be used to derive the jump condi-

1

10



tions shown in Algorithm 1.

Compared to the standard geodesic regression, the continuous piecewise regression shares the
same forward and backward systems. The only difference is that in the piecewise regression, its
boundary conditions for both forward and backward systems change at the breakpoints. Specifically,
there are two modifications in the continuous piecewise regression:

1) In the forward system, the initial point at the breakpoint remains unchanged, the same with
the ending point of the previous segment, but the initial velocity at the breakpoint needs to be
updated based on the corresponding gradient, i.e., the gradient with respect to Xz (t+).

2) In the backward system, the boundary condition for the Lagrangian multiplier of the initial
velocity remains 0 at the breakpoint as before, but the boundary condition for the Lagrangian
multiplier of the initial point is no longer 0, but will be set to —Ag, which is computed using (68).

Since for each segment all the equations remain the same compared to the standard geodesic
regression with only slight changes at the boundary conditions, it is straightforward to extend the
two segments to multiple segments, as shown in Algorithm 1.

C.2. Optimal breakpoints for two segments

In Section C.1, the continuous piecewise regression is performed with an assumption that the
breakpoint is known. In this section, our goal is to optimize the location of the breakpoint for the
continuous piecewise GGR. To address this problem, we rewrite the cost function (see (51)) using
the lim operator, which yields

N—
E = atrX,(0)"X,(0) + o lim trXs(t )T X5(t) ; (X1(ri), Y5)

t

t
+ lim [ tr\ (X; —Xy)dr + lim / tr Ay (Xo + X, Xj Xo)dr + lim / tr Ay (X1 — X3)dr
0 t—=t— Jq t—t+ J,

t—t—

1
+ lim [ tr A\ (Xz 4+ X, XJ X3)dr + tr Af (X1(0)TX1(0) = I) + tr A X1(0) " X5(0)

tot+ f,
: T T T BRT
+ tl_l}ItIl+ tr )\7 X1 (t) X3 (t) +tr >‘8 (tl_l)rtn_ X1 (t) tl—lgif- X1 (t))
(69)
To find the optimal position for the breakpoint, we first compute the gradient for updating. By

taking the derivative of the energy with respect to ¢, and based on the fact that ¢r and lim are
linear operators, we can obtain the gradient with respect to ¢ as

11



dFE X4 (1) TX
— = 0+ atr lim 7d 3(t) Xs(t)
t—t+ dt

- +o+t13?_tmf(xl —X2)+t1ig1_tm;(xz+xlxgxg)
— Jim ¢ A (X — X3) — Jim tr M (X34 X, XJ X3)+0+0

IxX ™ X X
ot i DK@ Xs@®) As lim aXi() As lim X ()
t—t+ dt t—t— t—t+  dt
. T T T
(:()) atr lim ng(t) Xg(t) ©#r lim d)\7 Xl(t) Xg(t)
t—t+ dt t—t+ dt
dXq(t dXq(t
+trAg lim () —trAg lim ()
t—t— t—t+  dt

= atr tl_iglJr(Xg(t)TXa(t) + X (t) " Xs(t)) + tr tl_i}thr()wTXl(t)TX:s(t) + A7 X (8) T X5(1))

+tr Mg Xy (t—) — tr Ag Xy (t+)

Dt X () "X () (X () T X5 (1)) — vt (X (t0) T Xy (1) X5 (t4) TX 5 (£4)
+tr Ay (T — X (t4) "X (t4) X3 (t4) T X3(t4) 4 tr Ag Xo(t—) — tr A\g Xz (t+)
DA (Xa(t—) — Xa(t4)). (70)

This indicates that the breakpoint of two segments is optimized based on the jumps of the initial
velocity at the breakpoint, which could be extended to multiple segments. In Algorithm 2, we use
an iterative optimization strategy to find the optimal locations for multiple breakpoints.

Data: {(r;, Y:)}Y5! a, 0%, and K (the number of breakpoints)
Result: Y(To), Y(TO), {tij(tj)g(:l}
Set initial {t;}/<, evenly distributed within (r,7n_1).
Set initial Y (ro), Y (ro), and {Y(t;) K,
while not converged do

Update Y (ro), Y(ro), and {Y(t;) 3K:1 using Algorithm 1, and save the values of Ag(t;),

X (t;—), and X(t;+) at each breakpoint {t;}/<,.

for j := 1 to K do

Compute gradient with respect to ¢ at the breakpoint ;

dE
| =) (Kot =) = Xa(t+).
tli=t,
end
Use a line search with the gradients to update {¢; }szl
end

Algorithm 2: Continuous Piecewise GGR with Optimal Breakpoints
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