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Abstract. Magnetic resonance (MR) imaging has been demonstrated to be very
useful for clinical diagnosis of Alzheimer’s disease (AD). A common approach
to using MR images for AD detection is to spatially normalize the images by
non-rigid image registration, and then perform statistical analysis on the resulting
deformation fields. Due to the high nonlinearity of the deformation field, recent
studies suggest to use initial momentum instead as it lies in a linear space and
fully encodes the deformation field. In this paper we explore the use of initial
momentum for image classification by focusing on the problem of AD detection.
Experiments on the public ADNI dataset show that the initial momentum, to-
gether with a simple sparse coding technique—locality-constrained linear coding
(LLC)—can achieve a classification accuracy that is comparable to or even better
than the state of the art. We also show that the performance of LLC can be greatly
improved by introducing proper weights to the codebook.

1 Introduction

Alzheimer’s disease (AD) is a brain disorder that causes progressive memory loss and
intellectual disabilities. Treatment can be most efficacious if AD can be detected as early
as possible. While clinical diagnostic criteria are still routine practice for AD detection,
many recent studies have shown that brain imaging, e.g., magnetic resonance imaging
(MRI), can greatly facilitate clinical diagnosis.
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To use MR images for AD detection, a common approach is to spatially align all
the images to a common template and perform statistical analysis on the resulting defor-
mation fields. Examples are statistical deformation models [2] and deformation-based
morphometry [7]. However, the deformation field often lies in a highly nonlinear space,
which is harder to work with compared with linear space. As such, recent advances in
large deformation diffeomorphic metric mapping (LDDMM) methods [5,11,14] sug-
gest to use initial momentum since it lies in a linear space. Moreover, when convolved
with an appropriate kernel, the initial momentum generates a series of velocity fields
that can be used to obtain the deformation field. As such, the initial momentum uniquely
encodes and parameterizes the deformation field.

In this paper we explore the use of initial momentum for image classification, partic-
ularly for distinguishing AD or mild cognitive impairment (MCI) patients from healthy
controls (HCs). Our work is closely related to [11] and [14]. In [11] principal compo-
nent analysis (PCA) is applied to a set of initial momenta, and the resulting eigenvalues
are used to train a logistic regression model to detect hippocampal shape abnormality in
AD. Instead of PCA, Yang et al. [14] used locally linear embedding (LLE) [6] together
with initial momenta to represent hippocampal shape in a low-dimensional space.

Our work differs from the above two methods mainly in two aspects. First, we use
a recent sparse coding (SC) technique, locality-constrained linear coding (LLC) [10],
for classification. Second, our goal is different. We explore the use of initial momentum
for image classification, while the above works use it for shape classification [11] and
low-dimensional shape embedding [14].

Our main contributions include (1) we propose a generalized LLC that uses a weighted
codebook, leading to improved performance; (2) we describe how to use initial momen-
tum to approximate geodesic distance to speed up image coding in the generalized LLC
framework.

2 Methodology

Suppose we have a group of training images from multiple classes, a test image and a
predefined template image. The problem is to tell which class the test image belongs to.
We first align the template to the test image and each training image to obtain a set of
initial momenta. This is achieved by the LDDMM algorithm [16], which will be briefly
reviewed in Sect. 2.1. Then, for the test image and each training image, their geodesic
distance can be approximated using the associated initial momenta as described in Sect.
2.2. Based on the geodesic distance, a subset of training images can be selected as the
basis vectors (or codebook). By feeding the codebook to the generalized LLC intro-
duced in Sect. 2.3, we can then classify the test image. Details are given below.

2.1 The LDDMM Algorithm

Let I0 be the source image and I1 be the target image. We would like to minimize

E(vt) =
1

2

∫ 1

0

||vt||2V dt+
1

σ2
||I0 ◦ φ1,0 − I1||2`2 ,

s.t. φ̇t,0 + (Dφt,0)vt = 0, φ0,0 = id,

(1)
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where vt is a time-dependent velocity field to be solved, σ > 0 is a regularization
constant, φs,t is a map induced by vt, mapping a voxel from its position at time s to
its position at time t, and id is an identity map. ||vt||2V = 〈L†Lvt,vt〉`2 , where L is
a proper differential operator. Usually a smoothing kernel K = (L†L)−1 is defined
instead of L. φ̇t,0 = ∂φt,0/∂t and D· is the Jacobian operator.

To minimize (1) we use the method of Lagrange multipliers to convert (1) to an
unconstrained energy functional, compute the functional variation w.r.t vt, φt,0 as well
as the Lagrange multipliers, and obtain a set of optimality conditions by setting the
variation to zero (see [16] for details). Based on the optimality conditions and conser-
vation of momentum (see [5] for details), we can prove that the gradient of (1) w.r.t vt
is equivalent to the gradient w.r.t the initial momentum λ0

∇λ0
E = λ0 − |Dφ0,1|λ1 ◦ φ0,1, (2)

where λ1 is the final adjoint. The proof is beyond the scope of this paper and is thus
omitted.

Equation (2) implies that the gradient descent can be directly performed on λ0 by
pulling λ1 back to t = 0. The pullback can be achieved by computing a forward map
(from t = 0 to t = 1) on the fly during a backward integration. Specifically, we compute
the momentum at time t by λt = |Dφt,0|λ0 ◦ φt,0, and then the velocity field at time t
by convolving λt with the kernel K (i.e. vt = Kλt). In this way we can obtain a series
of velocity fields {vt0 ,vt1 , . . . ,vtN−1

} at time {t0, t1, . . . , tN−1} (suppose we have N
uniformly spaced time points). According to [1], the forward map φ0,1 and backward
map φ1,0 can be then computed by concatenating a set of small deformation fields, i.e.

φ0,1 = (id+
1

N
vtN−1

) ◦ (id+ 1

N
vtN−2

) ◦ · · · ◦ (id+ 1

N
vt0),

φ1,0 = (id− 1

N
vt0) ◦ (id−

1

N
v1) ◦ · · · ◦ (id−

1

N
vtN−1

).

(3)

Then we can pull λ1 back to t = 0 by |Dφ0,1|λ1 ◦ φ0,1 to update the gradient. In
this work we use line search for gradient descent. Note that our formulation avoids the
computational complexity of a full adjoint compared with [9].

The above process also reveals that λ0 parameterizes the map by λt = |Dφt,0|λ0 ◦
φt,0, from which a set of velocity fields can be obtained at each time point. Integrating
all the velocity fields over the whole time interval leads to the final map φ1,0. The length
ρ of the optimal trajectory from φ0,0 to φ1,0 can be computed as ρ = 〈λ0,Kλ0〉`2 , and
represents the geodesic distance between I0 and I1 [5].

2.2 Approximate Geodesic Distance

The LLC emphasizes the use of a small set of training images that are most similar to
the test image for coding (see Sect. 2.3). This requires us to compute the similarity (or
distance) between the test image and each training image, leading to the complexity of
O(M), where M is the number of training images. Obviously, this will be very time-
consuming if M is large. Below we describe an approximation to the geodesic distance
ρ, which will reduce the complexity to O(1).
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Let IT be a template image. We register it to two images Ii and Ij . Ideally, we have
IT = Ii◦φi0,1 = Ij ◦φj0,1. Hence, Ij can be represented by Ii using Ij = Ii◦φi0,1◦φ

j
1,0.

By replacing φi0,1 and φj1,0 with a set of small deformation fields using (3) we have

Ij = Ii ◦ (id+
1

N
vitN−1

) ◦ · · · ◦ (id+ 1

N
vit0) ◦ (id−

1

N
vjt0) ◦ · · · ◦ (id−

1

N
vjtN−1

).

By expanding the above equation and discarding the higher order terms, we can obtain
a first-order approximation to the true map between Ii and Ij by

Ij ≈ Ii ◦
(
id+

1

N
(vit0 − v

j
t0) +

1

N
(vit1 − v

j
t1) + · · ·+

1

N
(vitN−1

− vjtN−1
)

)
.

This indicates that we can approximate the geodesic distance between Ii and Ij by

ρ ≈
〈
λi
0 − λ

j
0,K(λi

0 − λ
j
0)
〉
`2
. (4)

Although a similar result can be found in [14], here we derive from a different perspec-
tive. To estimate the distance between the test image and each training image, we only
need to register the template image to the test image once and use (4) for approximation
(given that we have already registered the template to all the training images).

2.3 Generalized Locality-Constrained Linear Coding

The LLC [10] is a kind of sparse coding (SC) techniques [4,13], where a codebook and
a set of weights are used to represent a given data. The weights are sparse in the sense
that most are zeros. Compared with other SC approaches, the LLC emphasizes locality,
that is, a small set of basis vectors close to the given data instead of the whole codebook
should be used for coding. It has been shown that this locality constraint can give better
reconstruction and can help avoid similar data to be encoded by different basis vectors.

Let a ∈ Rn be the data point to be encoded. Given a set of training data points, the
first step of the LLC is to compute the distance between a and each training data point,
and choose the k nearest neighbors of a based on the distance in the training set as the
codebook. We use B = {b1, b2, . . . , bk} ∈ Rn×k to represent the selected codebook.
In this work the data point is simply the intensity values across the whole image and the
set of initial momenta is used to compute distance as described in Sect. 2.2.

Once we haveB, we can then code a by solving the following equation

argmin
c
||a−Bc||2 + α ||d� c||2 , s.t. 1Tc = 1, (5)

where c ∈ Rk is the weight vector, � stands for element-wise multiplication and
d ∈ Rk represents the distance between a and each basis vector in B. Equation (5)
essentially estimates a set of weights such that they can be used to best reconstruct a
together with the codebook under the locality constraint. However, there are a large
number of confounding elements that will adversely affect coding precision. To penal-
ize those confounding elements, we instead use the following equation for coding

argmin
c
||ã− B̃c||2 + α ||d� c||2 , s.t. 1Tc = 1, (6)
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where ã = z � a and B̃ = {w1 � b1,w2 � b2, . . . ,wk � bk}. z and {wk} are
weighting vectors for penalization. The analytical solution to (6) is given by

c̃ = (C + αdiag2(d))\1, (7)
c = c̃/1Tc, (8)

where C = (B̃T − 1ãT)(B̃T − 1ãT)T. In this work z and {wk} are pre-computed
using all the data points for efficiency (see Sect. 3 for details).

Once we have the weights c, we use the method described in [12] for classification,
i.e. argmini ||ã− B̃ĉi||`2 , where ĉi ∈ Rk is a vector whose nonzero elements are the
elements in c associated with class i. As each element of c is associated with a basis
bk, which is, in turn, associated with a class, ĉi can be obtained by identifying the class
of bk.

3 Experiments

We demonstrate the efficacy of our method using the ADNI database by comparing
with one of the state-of-the-art approaches [15]. We used the same dataset as [15] to
test our method. The dataset contains 51 AD patients, 99 MCI patients and 52 HCs (see
[15] for detailed subject information and the list of subject IDs). We only used the MR
images associated with those subjects for our experiment.

We preprocessed the dataset using the FreeSurfer [3]. The procedure includes non-
uniform intensity normalization, Talairach transform computation, intensity normaliza-
tion and skull stripping.

For each image in the dataset we aligned it to a template image using affine registra-
tion. Here we used the AAL atlas [8] as the template. Then we registered the template
to each of the aligned images using the LDDMM algorithm described in Sect. 2.1. The
template image and an example of the initial momentum are shown in Fig. 1a-b. We
then used the resulting deformation fields to further warp each affinely aligned image
(Fig. 1c) onto the template. Examples of the resulting images are shown in Fig. 1d.

To evaluate the performance of our algorithm we grouped the warped images from
the AD patients and the HCs, and randomly split the image pool into 10 even subsets.
Note that one subset contains more images than the others since the numbers of images
of the AD patients and the HCs are unequal. We evaluated our algorithm using 10-fold
cross-validation, which was repeated 10 times with 10 random splits. Similar to [15], we
computed the mean of classification accuracy, sensitivity and specificity as performance
indicators. We repeated the above process by using the set of warped images grouped
from the MCI patients and the HCs.

We first compared the original LLC [10] with the generalized LLC introduced in
Sect. 2.3. In all the experiments throughout this paper we set k = 10 and α = 0.001.
We find that smaller k and larger α failed to give satisfactory results. For the gener-
alized LLC, we pre-computed z and {wk} using all the warped images from the two
classes (e.g., AD and HC or MCI and HC). This was achieved by performing Welch’s
(two-tailed) t-test between voxels at corresponding positions in the images. We used
hard assignment, that is, all voxels with p-value below a threshold (0.05) are ones, oth-
erwise zeros. The resulting image was converted into a column vector and used as wk.
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(a) (b)

(c)

(d)

Fig. 1. (a) The template image. (b) An example of the initial momentum in X, Y and Z directions
(from left to right). (c) Examples of affinely registered images. (d) Examples of the registered
images using the LDDMM algorithm. Note that the initial momentum has been normalized for a
better view.

In this work we used the samewk to weight each basis vector in the selected codebook
and set z = wk. Hence, the test images were also weighted using wk. Although more
sophisticated methods can be used to compute z and {wk}, below we show that this
simple technique is good enough to lead to promising results. A similar t-test was also
performed on the set of initial momenta in each direction. The resulting vector image
was used to weight each initial momentum, and the geodesic distance was estimated as
described in Sect. 2.2 using the weighted momenta, which are found to give a better es-
timate of distance than the original momenta. We ran our algorithm using the two kinds
of LLC respectively. The results shown in Fig. 2 clearly indicate that the generalized
LLC significantly outperforms the original one.

We further compared our approach with [15], where linear support vector machines
are applied to multi-modal data for classification. We summarize the comparison in Fig.
3. We can see that our method significantly outperforms [15] when only MR images are
used. Compared with the results obtained by [15] on multi-modal data, our algorithm
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Fig. 2. Comparison of the original LLC and the generalized LLC.
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Fig. 3. Comparison of our method and the work in [15].

yields comparable classification accuracy when distinguishing AD patients from HCs,
and significantly better result when distinguishing MCI patients from HCs.

4 Discussion and Conclusions

We have described an image classification method by virtue of the initial momentum.
This is achieved by using a generalized LLC algorithm together with an approximate
geodesic distance between images. Experimental results show that the generalized LLC
algorithm significantly outperforms the original one [10]. This demonstrates that the
performance can be greatly improved by focusing on the discriminative voxels during
coding. We also show that our algorithm can achieve comparable or even better classi-
fication accuracy rate when compared with one of the state-of-the-art methods.

We implemented the system in C++ using the Insight Segmentation and Registration
Toolkit1 (ITK). The typical running time of our LDDMM algorithm is 8∼10 minutes.
The timing is based on an iMac with an Intel R© CoreTM i5 processor (3.1 GHz).

In the future we will explore how to extract and select various features from the
initial momentum to further improve classification accuracy. We also plan to investi-

1 http://www.itk.org/

http://www.itk.org/
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gate more sophisticated methods to learn the weighting matrix for the generalized LLC
algorithm.
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