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Lecture 153:
Graph Algorithms

Study Chapter 8.1 - 8.8
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The Bridge Obsessron Problem

Find a tour crossing every bridge just once
Leonhard Euler, 1735

Bridges of Konigsberg
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edge exactly once

* Find a cycle that visits every < — - - .

e | inear time %?

— Starting at any vertex v, and 1
follow a trail of edges until N

returning to v. &
— As long as there exists a vertex v that

belongs to the current tour, but has
adjacent edges not part of the tour,
start a new trail from v, following
unused edges until returning to v,
and join the tour formed in this way
to the previous tour.

— Special case vertices with odd degree

More complicated Konigsberg
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Hamlltoman Cycle Problem

. Fmd a cycle that Vls1ts
every vertex exactly
once

* Deceptively similar to
the Eulerian path

* But NP-complete!

- Game invented by Sir
William Hamilton in 1857
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Mappmg Problems to Graphs

. Arthur Cayley studled i
chemical structures of AN T .
hydrocarbons in the .
mid-1800s 7% .

. Yoo ]

* He used trees (acyclic HOE T -
connected graphs) to -
enumerate structural __)\ )(\ / +
isomers AT [ [ Buta

Ol
-;( "li |1 fsobutane
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Begmmng of Graph Theory in B1ology

Benzer S work L%

* Developed deletion ', -
mapping '

* “Proved” linearity of
the gene

* Demonstrated internal #
structure of the gene

Seymour Benzer, 1950s
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Viruses Attack Bacterla

. Normally bacter1ophage (= Vlrus) T4 k1lls bacterla

* However if T4 is mutated (e.g., an important gene is
deleted) it loses its ability to kill bacteria

* Suppose the bacteria is infected with two different
mutants each of which is disabled - would the bacteria
still survive?

* Amazingly, a pair of disabled viruses can kill a bacteria
even if each of them is disabled.

* How can it be explained?
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Benzer's Experlment

. Idea mfect bactena W1th palrs of mutant T4
viruses

e Each T4 mutant has an unknown interval
deleted from its genome

* If the two intervals overlap: T4 pair is missing
part of its genome and is disabled - bacteria
survive

* If the two intervals do not overlap: T4 pair has
its entire genome and is enabled - bacteria die

10/2/2014 COMP 555 Bioalgorithms (Fall 2014) 8



Complementary action of mutant T4
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Benzer’'s Expenment and Graphs

. Construct an mterval graph each T4 mutant is
a vertex, place an edge between mutant pairs
where bacteria survived (i.e., the deleted
intervals in the pair of mutants overlap)

* Interval graph structure reveals whether DNA is
linear or branched DNA
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Interval Graph Lmear Genes
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Interval Graph Branched Genes
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Interval Graph Comparlson

Linear genome Branched genome
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DNA Sequencmg Hlstory

5 anger method (1977) Gzlbert method (1977)
labelgd ddNTPs chemical method to cleave
terminate DNA DNA at specific points (G,
copying at random G+A, T+C, C)
points. ' C

Both methods generate
labeled fragments of

varying lengths that are
further electrophoresed.
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DNA Sequencmg

Shake & Break
(by Digestion or Sonication)

DNA fragments
Clone
Known
Vector <~ |ocation
Circular genome _ (restriction
(bacterium, plasmid) + = site)
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D1fferent Types of Vectors

VECTOR Size of insert (bp)
Insert
Plasmid 2,000 - 10,000 l
Cosmid 40,000

BAC (Bacterial Artificial 70,000 - 300,000

Chromosome)
e > 300,000
YAC (Yeast Artificial N g -
Chromosome) ot used muc
recently
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DNA Sequencmg

o Shear DNA into
millions of small

44 % m
fra gments i

e Read 500 - 700

@
A
nucleotides at a time B> ¢

ﬁ
2P
from the small M Lz3z @
PR ?ﬁ?‘? .~ Haplication T Separate
fragments (Sanger o T
M,&W
method) S,

T
¢ .'.*:.".'- %, T ,.u"E;G?"S‘G
Aead sequence as T M e _.F,a"ch
complemarnt of bands A R A
containing labeled strands G '-q.-:b;TT
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Dldeoxy (Sanger) Sequencmg

Templatestrand - g t a a g a C t g t

Coding strand -

T
ddT Reaction - T
T
ddC Reaction - |©
dideoxyribonucleotides — missing a C
hydroxyl C
group on the sugar-
hosphate .
nckbone ddG Reaction - g
\.’_ a
dd A Reaction - a .
Good for up to 1000
base pairs -.,.!
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Sanger Method Generatmg Read

Start at primer
(restriction site)

Grow DNA chain
Include ddNTPs

Stops reaction at all
possible points

Separate products by
length and charge
using gel
electrophoresis

10/2/2014

= rFrOOFPOO -0 =0 ——--> 0= 000

template strand

— )
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Challenging to Read Answers

Electropherogram
Model 377 L3 HHH-4345 » Sighal G:56 A58 T41 C A0 Page 1of 2
Am g b arzion 3.0 110353-1% D TRigD ves=IE Set-AnyPrimert Tue, Oct 7, 1997 5:10 P
Sem b daptive L3 HHH-4345 = Zebra dRhod hbalrix Wed, Jul 16, 1997 4:11 P
arsion 3.0 Lane G Points 1105 o 1470 Base 1:1105 Spacing: 13 21{13 21}

T THCT TT TGGEG5 CTHT AGGHTCT ToMAAR CROMEGHGT TRSFAG TGARAACIG TG TTHACAAAT TRAT GTAT TAT TGART AT T THRACHRGATG AT TRTARTCCT TAC TR TFBTHTTGHFII

110 o0 13

FHARNRAG AARATAHAG CAAARKE G ATGARARCAAT T CT 0RAG CARCA TRTARTG GT TTRGRACACCARAT TRAFAGT TTARARTCAA TAATTARCT AT T TEHTTTTAACATTRCTARTTTRTCRAT T
140 130 Laln] 170 180 190 Z00 Z10 =20 Z30 240 250

st andMiiaa ot WA A et Vil Al |

IGATGCAATCTATRATCTTARTGATGAART THA TTARRARAT T TOARARARG CTAART TOACARA TTRATGA TGT TGTGAT TRRARART TRRACARARC A TTTTHTCARA TTT TRRACARATTTRTTTRTT
260 270 220 2an 200 210 220 220 240 250 260 270 220

[AAG TRCTTCAT TRAACA TT RRAAGAGT TTRATA TTGAAT TAAA TAART GRRAACGAT CCAR TRARRRARGC TRAT CEA ATTMRARCCAT TCAAGAAS TCTTARRARGTTAT GAARAGGAT TTATT
a0 400 410 420 430 440 430 460 470 420 4a0 S00

TTTTRAA TRCTAARAT TRATTTRAARRC TTGCT COARACGARGS TAT TRACAG TARA TRAT CTTGARAARA TTGAT T TRACA THT GETT CTGAT T 0GC TR MRAA CCACAAGHA TTRAT CECTTHTT TA
=10 220 S0 540 S50 S60 270 = S90 = ul] g0 =:{u] G620

IGRAT TRA AT ARTRATTIRAGRAR GAG ART T TRGCARAG ARC TTGARAA TCT TAGING NRGAGTTTTTA C TR TCA TTGATNRRAA AT TTTATATT CCOARAAGGN T FRARONAAT TIRATTTOMATONAA
Bl [==10] [alalnl 670 0 [=en] Fa0 F10 T20 7RO 740 7a0 =
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Readmg DNA

* Electrophoresis
— Sequencing is done by separating
subsequences by size (and, in a 2D gel, by
size and charge).

— The DNA molecules are either labeled
with radioisotopes or tagged with
fluorescent dyes.

— Given a DNA molecule it is then possible
to obtain all fragments from it that end in
either A, or T, or G, or C and these can be
sorted in a gel experiment.
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Fragment Assembly

. Computatlonal Challenge assemble 1nd1v1dual

short fragments (reads) into a single genomic
sequence (“superstring”)

* Until late 1990s the “shotgun” fragment

assembly of human genome was viewed as
intractable problem
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Shortest Superstring Problem

» Problem: Given a set of strmgs find a shortest

string that contains all of them
* Input: Stringssy, s,,...., s,
* Qutput: A string s that contains all strings

81 S3y++1es S, @S substrings, such that the length of s
is m1n1m1zed

* Complexity: NP - complete
e Note: this formulation does not take into account
sequencing errors
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Shortest Superstrmg Problem: Example

The Shortest Superstring problem

set of strings: {000, 001, 010, 011, 100, 101, 110, 111}

Concatenation
. . 000 001010011 100 101 110 111
Superstring
110
Shortest [000 ]

. 0001110100
superstring | gop |

111
101

10/2/2014 COMP 555 Bioalgorithms (Fall 2014) 24



10/2/2014 COMP 555 Bioalgorithms (Fall 2014) 25



SSP is NP—complete

* Define overlap ( Sy Sj ) as the length of the longest preﬁx of s; that
matches a suffix of ;.

aaaggcatcaaatctaaaggcatcaaa
aaaggcatcaaatctaaaggcatcaaa

What is overlap (s, s;) for these strings?
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SSP is NP—complete

* Define overlap ( Sy Sj ) as the length of the longest preﬁx of s; that
matches a suffix of ;.

aaaggcatcaaatctaaaggcatcaaa
aaaggcatcaaagctaaaggcatcaaa

overlap=12
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""""

i A

* Define overlap (s, s;) as the length of the longest prefix of s; that
matches a suffix of s..
aaaggcatcaaatctaaaggcatcaaa

aaaggcatcaaagctaaaggcatcaaa

* Construct a graph with n vertices representing the 7 strings s;,
Sgyeever Sp-

* Insert edges of length -overlap (s, s;) between vertices s; and s;.

* We can find SSP by finding the shortest path (most negative)
which visits every vertex exactly once. This is the Traveling
Salesman Problem (TSP), which is NP-complete.

* Does this prove SSP is NP-complete?

— No! It shows SSP can be solved using an algorithm that is NP complete, but
that doesn’t preclude a way to solve it with a lower complexity algorithm.

— (a proof that SSP is NP-complete is beyond the scope of this course. It
shows that TSP can be solved efficiently if there exists an efficient SSP
algorithm)
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SSP to TSP An Example

S ={ATC, CCA, CAG, TCC, AGT}

2P TSP ATC
AGT
CCA
ATC AGT CCA
ATCCAGT
TCC
CAG

CAG -1 " T1cc

ATCCAGT
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Sequencmg by Hybrldlzatlon (SBH): Hlstory

* 1988: SBH suggested as an First microarray
alternative sequencing method.  Prototype (1989)
Nobody believed it will ever

work

First commercial
DNA microarray

* 1991: Light directed polymer prototype w/16,000
synthesis developed by Steve ~ features (1994)
Fodor and colleagues.

500,000 features

e 1994: Affymetrix develops first ~Pe" P (2002)

64-kb DN A microarray
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How SBH Works

. Attach all p0551b1e DNA probes of length l toa ﬂat
surface, each probe at a distinct and known location.
This set of probes is called the DNA array.

* Apply a solution containing fluorescently labeled
DNA fragment to the array.

* The DNA fragment hybridizes with those probes
that are complementary to substrings of length [ of
the fragment.
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How SBH Works (cont'd)

* Using a spectroscopic detector, determine which
probes hybridize to the DNA fragment to obtain the
[-mer composition of the target DNA fragment.

* We also need to know how many times each
[-mer is used (must be derived from probe
luminescence intensity)

* Apply the combinatorial algorithm (below) to
reconstruct the sequence of the target DNA
fragment from the [-mer composition.
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Hybridization on DNA Array

Universal DNA Array
AA AT AG AC TA TT TG TC GA GT GG GC CA CT CG CC

AA

AT aTAG
AG

AC ACTC

TA TAGT

T

TG

TC

GA

GT

GG cooal

CA | casal

CT

cG

cC

DNA target TATCCGTTT (complement of ATAGGCAAA)
hybridizes to the array of all 4-mers:

ATAGGCAAA
AT .
T

e
ARO
OO0
annn
N
b
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l-mer Compos1t1on

. Spectrum ( S, l ) unordered mult1set of all poss1ble
(n -1+ 1) I-mers in a string s of length n

* The order of individual elements in Spectrum (s, 1)
does not matter

* For s = TATGGTGC all of the following are
equivalent representations of Spectrum (s, 3 ):

{TAT, ATG, TGG, GGT, GTG, TGC}
{ATG, GGT, GTG, TAT, TGC, TGG}
{TGG, TGC, TAT, GTG, GGT, ATG}
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l-mer Compos1t1on

. Spectrum ( s, l ) unordered mult1set of all poss1ble
(n -1+ 1) l-mers in a string s of length n

* The order of individual elements in Spectrum (s, 1)
does not matter

* For s = TATGGTGC all of the following are
equivalent representations of Spectrum (s, 3 ):

{TAT, ATG, TGG, GGT, GTG, TGC}
{ATG, GGT, GTG, TAT, TGC, TGG}
{TGG, TGC, TAT, GTG, GGT, ATG}

* We usually choose the lexicographically sorted
representation as the canonical one.
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Spectrum is not umque

. D1fferent sequences may have the same
spectrum:

Spectrum(GTATCT,2)=
Spectrum(GTCTAT,2)
{AT, CT, GT, TA, TC}
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The SBH Problem

* Goal: Reconstruct a string from its [-mer
composition

* Input: A set S, representing all l-mers from an
(unknown) string s

* Qutput: String s such that Spectrum (s,1) =S
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SBI—I Hamlltoman Path Approach

S={ATG AGG TGC TCC GTC GGT GCA CAG}

ATG AGG TGC TCC GTC GGT GCA CAG

ATGCAGGTCC
Path visited every VERTEX once
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SBI—I Hamlltoman Path Approach

A more complicated graph:

S={ATG TGG TGC GIG GGC GCA GCG CGT}

10/2/2014 COMP 555 Bioalgorithms (Fall 2014) 39



SBI—I Hamlltoman Path Approach

ATGGCGTGCA
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SBH Eulenan Path Approach

S ={ ATG, TGG, TGC, GTG, GGC, GCA, GCG, CGT }

Vertices correspond to (1 -1) - mers : { AT, TG, GC, GG, GT, CA, CG }

Edges correspond to | - mers from S

GT CG
AT TG GC CA
e > »®
/ Find path that visits every EDGE once
", GG
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SBH Eulerlan Path Approach

S = { AT, TG, GC, GG, GT, CA, CG } corresponds to two different paths:

GT CG
+—0
AT | AT TG
o oC ® CA
GG GG
ATGGCGTGCA ATGCGTGGCA
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Euler Theorem

* A graphis balanced if for every vertex the

number of incoming edges equals to the number
of outgoing edges:
in(v)=out(v)

* Theorem: A connected graph is Eulerian if and only
if each of its vertices are balanced.

10/2/2014 COMP 555 Bioalgorithms (Fall 2014) 43



Euler Theorem Proof

o Eulenan — balanced

for every edge entering v (incoming edge) there
exists an edge leaving v (outgoing edge).
Therefore
in(v)=out(v)
* Balanced — Eulerian
?2?7?

10/2/2014 COMP 555 Bioalgorithms (Fall 2014) 44



Algorithm for Constructing an Eulerian Cycle

v and form an arbitrary cycle
with unused edges until a o=

A

dead end is reached. Since ‘x
the graph is Eulerian this
dead end is necessarily the

starting point, 1.e., vertex v.
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Algorithm for Constructing an Eulerian Cycle (cont’d)

If cycle from (a) above is not

an Eulerian cycle, it must

contain a vertex w, which - O K
has untraversed edges. k‘m_ ““
Perform step (a) again, ”@\WH "
using vertex w as the :-“ b
starting point. Once again, . - A
we will end up in the o

(b)

starting vertex w.
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Algorithm for Constructing an Eulerian Cycle (cont’'d)

Combine the cycles

from (a) and (b) into a e
single cycle and f - x
iterate step (b). “‘:; I
.""'-. - H.H".
'____-..---.- - -;-.
(<)

Running time: linear to the number of edges
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Euler Theorem Extensmn

. Theorem A connected gmph has an Eulerzan path

if and only if it contains at most two semi-balanced
vertices and all other vertices are balanced.

— Semi-balanced vertex: in(v) and out(v) differ by 1
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Some Difficulties with SBH

* Fi eli of Hybridiati n: difficult to detect difference
between probes hybridized with perfect matches and 1
or 2 mismatches

* Array Size: Effect of low fidelity can be decreased with
longer I-mers, but array size increases exFonentially in [.
Array size is limited with current technology.

* Practicality: SBH is still impractical. As DNA
microarray technology improves, SBH may become
practical in the future

* Practicality again: Although SBH is still impractical, it
spearheaded expression analysis and SN analysis
techniques

Ay it 1%y U (P9

g i

10/2/2014 COMP 555 Bioalgorithms (Fall 2014) 49



