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1 Introduction

The rational formulation of polynomials and splines has received considerable interest in the
areas of computer graphics and geometric modeling. The main advantage of the rational
form is its ability to represent conic curves and quadric surfaces, as well as free-form curves
and surfaces (Piegl 1985; Piegl 1986a; Piegl 1986b; Piegl 1986¢; Piegl and Tiller 1987;
Salmon 1879; Tiller 1983; Versprille 1975). Moreover, it is invariant under affine as well as
projective transformations, though the latter is possible with changed weights (Lee 1987).

A single rational polynomial usually does not have enough freedom to represent a given
curve; several rational polynomial segments are used instead. To obtain a curve of satisfac-
tory smoothness, the segments must connect with some amount of continuity. Thus, the use
of rational curves, independent of the particular variety, creates the problem of connecting
rational polynomial segments to form piecewise rational curves that are smooth.

To obtain rational curves with either parametric or geometric continuity, the parametric
continuity constraints or geometric continuity constraints, respectively, have been applied
to the components of the curve in homogeneous coordinates, but not to the components of
the rational curve (Barsky 1988a; Boehm 1987; Farin 1983; Goldman and Barsky 1989a;
Goldman and Barsky 1989b; Joe 1989; Tiller 1983). If the homogeneous curve satisfies
the relevant continuity constraints then the rational curve will have the corresponding
continuity.

There are two kinds of continuity for parametric curves: parametric continuity and
geometric (or visual) continuity. A curve is said to possess parametric continuity (denoted
C™) if each segment of the curve is C'" and the adjacent segments are connected with C'"
continuity at the joints. There are two notions of geometric continuity. The first is based
on parametric continuity after a suitable reparametrization. That is, a curve is said to be
geometrically continuous (denoted G ) if there exists some reparametrization of its segments
such that the resulting curve is C'". The reparametrization criterion on its segments leads
to the derivation of Beta-constraints (Barsky 1988b; Barsky and DeRose 1989; Barsky
and DeRose 1990; DeRose 1985). The second notion of geometric continuity of parametric
curves is based on the continuity of Frenet Frame and higher order curvatures (Boehm 1985;
Boehm 1987; Dyn and Micchelli 1985; Hagen 1985). A curve possesses geometric continuity
G" if each of its components satisfies the corresponding constraints at the joints.

However, these constraints are sufficient but not necessary for the continuity of rational
curves (Hohmeyer and Barsky 1989). The necessary and sufficient constraints for rational
continuity (parametric or geometric continuity), as applied to the homogeneous curve, give
rise to shape parameters. These shape parameters are different from and in addition to
those obtained from the geometric continuity of polynomial or rational curves and surfaces
(dubbed as Betas). They are used for modifying the curve independent of the control
vertices. Experience has shown us that shape parameters provide a designer with intu-
itive control of shape. Some of the properties of these parameters are very useful for the



development of modern geometric modeling system.

In this paper, we introduce three categories of basis functions® for the homogeneous
representation of rational curves. These basis functions are based upon the necessary and
sufficient conditions for rational parametric continuity. The different categories are obtained
by varying the shape parameters globally, which affects the entire curve, or locally, which
affects only a few segments only. For the local variation, the shape parameters may be either
continuously varying functions or be discretely specified at the knot values. The resulting
basis functions differ in the amount of local control (with respect to shape parameters) and
evaluation cost.

The rest of the paper is organized in the following manner: In Section 2, we give a brief
overview of rational curves and specify the notation. The necessary and sufficient conditions
for the parametric continuity of rational curves are mentioned in Section 3. They are used
in Section 4 for defining the basis functions for the homogeneous representation of rational
curves with uniform shape parameters. In Section 5, the uniform shape parameters are
generalized into continuously varying shape parameters by quintic Hermite interpolation.
Section 6 specifies a discretely-shaped homogeneous basis. Finally, in Section 7 we present
the formulation which can be used for constructing rational curves satisfying the necessary
and sufficient conditions for geometric continuity.

2 Rational Curves

A rational polynomial function is a scalar function, r : R — R that can be expressed as

f(u)
g(u)

r(u) =

where f(u) and g(u) are polynomials in u. We will restrict our use of the word polyno-
mial in the following manner: a rational function is not a polynomial function unless its
denominator divides its numerator. Such a function is at times referred to as an integral
function to distinguish it from a rational function. A curve is simply a vector-valued func-
tion q : R — R%. A rational curve is a vector-valued function, each component of which is
a rational function. There are at least two ways to represent a rational curve (Hohmeyer
and Barsky 1989). First, the curve g(u) can be thought of as a vector-valued function, each
component of which is a rational function. Alternatively, q(u) can be thought of as a vector-
valued function Q : R — R4+ with a projection function that projects (zy,..., 74, 411)
to (¢1/%d41,- .., 24/xq41). That is, the function is originally in (d + I )-dimensional space
but is then projected down to a d-dimensional space.

3Any homogeneous representation of a fixed degree will be a linear combination of these functions.
However, they do not form any basis spanning a vector space, since the rational curves of a fixed degree
do not constitute a vector space.



In the first representation, we write:

q(u) = (ri(u), rau), . .y ra(u))

where each component function, r;(u), is a rational function of the form %%l In the second
representation, one might consider the same curve as a polynomial curve whose range is
the homogeneous coordinate system of dimension d + 1. The rational curve q(u), discussed
above, would be represented in this scheme by the polynomial curve Q(u), where

Qu) = (fi(u),..., fa(u), g(u))

which is in (d + 1)-dimensional space.

We refer to Q(u) as the homogeneous curve associated with q(u), the rational curve
or the projected curve, and q(u) as the projection of Q(u). The homogeneous curve is
not unique, whereas the projection is. Moreover, we use italics to indicate scalar-valued
functions, such as f(u) or g(u), boldface lower case to indicate vector-valued rational
curves, such as q(u), whose range is R?, and bold face upper case to indicate the associated
homogeneous polynomial curve, such as Q(u), whose range is R+, The degree of a rational
curve is the degree of its homogeneous representation.

To illustrate more concretely, consider a curve formulation such as the rational Bézier
curve, the rational B-spline curve, or the rational Beta-spline curve of a fixed degree. Each
is a function q: R — RY that can be expressed as

D) 7 EGLAGI. 0
= Ximow;Bj(u)

where V; € R? are the control vertices, Bi(u) are the basis functions for the homogeneous
curve, defined as a polynomial curve, and w; are the weights, for 1 = 0,...,m, which are
independent of the control vertices and the basis functions. One can also consider such a
curve as a polynomial Bézier curve, B-spline curve, or Beta-spline curve in the homogeneous
space:

Qu) = iWiBz'(u)

where W are control vertices in R4, whose coordinates are expressed as W; = (w; Vi, w;)
for 7 = 0,...,m. Whenever the R? coordinates of q(u) are required, the division must be
performed. For example, the circle in Fig. I is a rational curve in R?, which is a projection
of a polynomial curve in R**!. The points on the R? curve are obtained by projecting the
R**T! curve onto the w = 1 plane.

The advantage of this perspective is that the algorithms to manipulate rational curves
(i.e. evaluation, subdivision, degree elevation etc.) can be obtained by using the corre-
sponding algorithm for polynomial curves. This method of reducing a problem associated
with a rational curve to the analogous problem for its homogeneous counterpart has also



been used for the problem of continuity, parametric or geometric, between rational seg-
ments. It is true that if the homogeneous curve satisfies the relevant continuity constraints
then the rational curve will have the corresponding continuity. However, there are cases
when the projected curve satisfies the required continuity constraints, whereas the cor-
responding homogeneous curve does not (Hohmeyer and Barsky 1989). Thus, the above
approach is overly restrictive. One such case is shown in Fig. 1. A circle is being generated
with C? rational curves. In the figure, the circle has been shown as a projection of a ho-
mogeneous curve, Q(u) € R**! onto the w = 1 plane. The axis of the cone (whose base
is also shown) lies along the w-axis. The tip is at the origin and the homogeneous curve
Q(u) consists of four segments, lying on the surface (including the base) of the cone and it
is C'° continuous. Q(u) is neither C'' nor even G', whereas q(u) is trivially C'2.

The necessary and sufficient constraints on the homogeneous curve engenders shape
parameters (Hohmeyer and Barsky 1989). The basis functions for the homogeneous repre-
sentation, B;(u), as specified in (1), become functions of these shape parameters. Changing
the shape parameters changes the projected curve, while still satisfying the necessary con-
tinuity constraints. Q

Fig. 1
A circle q(u) represented by a piecewise rational Q(u).
There are kinks in Q(u), but q(u) is C'? continuous.

3 Continuity Constraints

In our case the smoothness of a curve has been measured by testing the parametric con-
tinuity of the functions defining the curve. If we have a homogeneous curve Q(u) that is
C™, then the projection q(u) of Q(u) will also be C". However, the converse is not true.
As mentioned earlier, there are homogeneous curves Q(u) that are not C" even though
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their projections q(u) are C". The curve q(u) is C", say at u = wuo, if and only if each
component of q(u), which is of the form f(u)/g(w), is C" at u = wo. Consider a generic
quotient function of the type f(u)/g(u). The necessary and sufficient conditions so that
such a quotient function would be C'" at a point u = g are that there exist «;’s such that

[ fOw) ] e 0 0 ... 0 0] [ O (u) ]
FO(u) o3} Qg 0 0 0 SO (w)
uguer fOw) | = |2 2¢ ap e 0 0 ugum_ F@(u) (2)
I f(n)(u) i Lon (P)an-1 (Floma oo (y)ar o i f(”)(U) ]

and similarly for the function g(u) (with the same set of a;’s). At any point u = uyg, all the
functions f;(u) and g(u) need to satisfy the above relation for any set of a’s where ag # 0
(Hohmeyer and Barsky 1989). In other words, each component of Q(u) is related by the
above constraint at each knot value and the set of a’s must be the same for all components.

We use the a’s defined above as shape parameters. Changing the values of the a’s gives
a different projected curve q(u), which maintains the desired continuity. In most com-
puter graphics applications, cubic curves are used because they provide a balance between
computational cost and the desired smoothness and flexibility. The desired smoothness is
frequently ensured by requiring the curve to be C'? continuous in the desired interval. So
we formulate a cubic basis for the homogeneous curve and generate a C* projected curve
q(u). Thus, there are three shape parameters, ag, o, and ay, that determine our projected
curve q(u). For this case, (2) can be rewritten in the following manner (n=2):

O ) 0w 00 FOw)
dim [ F0(w) | = fax ap 0 | Tim | /0 3)
F@(u) oy 200 ag F@(u)

We will initially use a’s as uniform shape parameters. That is, each shape parameter
has the same value at the knots. We later generalize them to continuous functions of shape
parameters, where the user is not constrained to use the same value and it offers maximum
local control of these parameters. The latter formulation turns out to be computationally
expensive. Therefore, at the end we introduce a discretely-shaped basis for the homo-
geneous curve, which provides a balance between evaluation cost and the degree of local
control of shape parameters. For each case, we will define a basis function and use (1) to
determine the projected curve q(u).

4 Uniform Shape Parameters

In this section, we define the basis functions for the homogeneous curve. Our terminology
is similar to that described in (Bartels et. al. 1987, Chapter 2). The rational curve is



obtained by projecting the linear combinations of the basis functions. The scalar multiples
used for the linear combinations are determined by the control vertices and weights. The
representation of a rational curve q(u), as defined in (1), leads to the formation of the
following functions:

2o w;Bi(u)’
where the B;(u) are the basis functions for the homogeneous curve. The resulting curve q(u)
must be C? continuous in the specified interval. The desired continuity could be achieved

Rz(u): :0,...,m (4)

if R;(u) were themselves C'* functions, since the rational curve is a linear combination of
these functions. This happens if each B;(u) and its first two derivatives are related by (3)
at u;. To simplify, we work over a uniform knot sequence and derive the canonical basis
function in a manner similar to that described in (Bartels et. al. 1987).

4.1 The Basis Functions

FEach B;(u) consists of four basis segments. We denote these segments by b;(u), ¢t = 0, 1,2, 3.
Each segment is a cubic polynomial of the form

bi(u) = p; + qu +ru® +su®, wel0,1) 1=0,1,2,3

At the knot values, the B;(u) are related by (3). This engenders the following fifteen
relations among the b;(u):

0 = bo(0), 0 bs(0), 0 = b2(0)
aobo(1) = b1(0), a1bo(1) + apby(1) = bi(0), abo(l) + 2a:b65(1) + aobi(1) = b3(0)
aobi(1) = by(0), a1bi(1) + apbi(1) = b3(0), abi(1) 4 2a:b1(1) + apbi(l) = b3(0)
apbz(1) = b3(0), a1ba(1) + apby(1) = bi(0), aba(l) 4 2a4b3(1) + apb3(1) = b3(0)
agbs(1) = 0, arbs(1) + agbi(l) = 0, azbs(1) + 201 b4(1) + agb3(1) = 0

There are four cubic functions, bo(w), b1(w), b2(u) and bs(u), which constitute B;(u).
FEach has four unknowns (equal to the order of each polynomial). Thus, there are sixteen
variables in all. Any sixteen independent variables, each being defined over the real field
R, belong to the 16-dimensional wvector space R'®. In our case, the variables are not
independent. On applying the fifteen constraints we obtain a 1-dimensional subspace of the
16-dimensional vector space. Geometrically, the fifteen constraints given above determine
a line in the 16-dimensional space. Moreover, that line passes through the origin (as it
is a vector subspace). Any point lying on that line, except the origin, would determine a
solution set to the sixteen variables. That solution set is of the following form:

[3197 29, - - -, 5159, Sng]T

where each s; is a function of «ag, a7, and as,.

6



The variable g acts as a normalizing factor. If g = 0 then the basis function B;(u)
becomes equal to a zero function (it is zero throughout). We let b;(u) be defined in terms
of g. The rational basis functions R;(u) are independent of g, as it cancels out in the
numerator and denominator terms of (4), since g # 0.

In the case of polynomial B-splines and Beta-splines, formed from C% and G? continuity
constraints, respectively, the fact that the basis functions should form a partition of unity
gives rise to the sixteenth constraint and the system of equations used for determining the
coefficients of basis functions has a unique solution (Bartels et. al. 1987). The fact that
R;(u), 1 =0,...,m, should form a partition of unity is embedded in their formulation and
no such constraint is required on B;(u). That property engenders another shape parameter,
expressed above as ¢. If we use a different value of g for each B;(u), then it has a local effect
on the curve. The effect is similar to that of the weights for rational curves expressed as (1).
However, the weights are present due to the homogeneous representation of the vertices; i.e.,
W, = (w;V;,w;). If we want to use these basis functions for homogeneous representations
of tensor product surfaces, the ¢’s will affect the surface in a different manner as compared
to the weights.

Using Macsyma (Fateman 1982), we obtain the following basis functions* for the ho-
mogeneous representation of the rational curve:

bo(u) = gu’

ay + 6oy + bap ay + 6oy + bap

() = g (a0 + [on + Sagfu 4 (200 Op0 qoe b o ¥ booy s
4oy — + 202
bo(u) = g ([awor + 4og] + [QO( - 32) Llu + (5)
_ 2 2 2
ool — 601) — 207 — 6aFjut 4 (200 02) % 2ol ¥ Gob
bs(u) = gozg(l — 3u + 3u? — u3)
If we set
Oé():l, a1:0, OéQZO

then the above basis reduces to a basis for the uniform cubic B-spline (Bartels et. al. 1987).
These are the default values of the shape parameters and the resulting function is a basis
for the homogeneous representation of a cubic rational B-spline with uniform knot spacing.
To determine a curve, we select a set of control vertices V; and use (1) to define the curve.
The B;(u) used in the definition of R;(u) in (4) are defined in terms of the segments b;(u)
(5). Each B;(u) is nonzero over four successive intervals only, say from w; to w;44. Thus,
over the knot interval [u; 3, ui14), the portion of the curve defining q(u) can be represented
as

Si(u) = Viw;bs(u) + Viprwip1b2(w) + Vipowiy2bi (u) + Vipswipsbo(u)

' w;bs(u) 4 wip1b2(w) + wip2by (w) + wipsbo(u)

(6)

4This is one of the many of formulations of the basis functions. We can let g be a function of the a’s. We
tried many combinations and this is the simplest we could achieve in terms of the size of the coefficients.



The whole curve g(u) is composed of m — 2 segments, S;(u), t =0,...,m — 3.

It is also desirable for the resulting curve q(u) obtained from (1) to lie in the convex
hull of the control vertices V. Using (4), q(u) can be expressed as

q(u) = Vilti(u). (7)

Since we are considering a uniform knot sequence, all these relations are defined for u €
[0,1). From the definition of R;(u) in (4), we know that:

' Ri(u) =1

m
=0

The only other condition that needs to be satisfied for the convex hull property is
Ri(u)>0, wel0,1), ¢=0,....,m (8)

A sufficient condition for the above inequality may be obtained by non-negative values of
oo, aq, and ay. Large positive values of g result in the loss of convex hull property. Each
segment of q(u) lies in the convex hull of the four vertices used for defining it (6).

4.2 Varying the a’s

Varying the a’s changes the rational curve. A detailed analysis and explanation of their
behavior can be found in (Manocha and Barsky 1990). The shape parameters og and o are
found to behave very similar to the bias and tension parameters, 3; and (3, respectively,
of the polynomial and rational Beta-spline curves (Barsky 1988b; Barsky and Beatty 1983;
Barsky and DeRose 1989; Barsky and DeRose 1990; DeRose 1985). The planar rational
curves resulting from different values of oy and oy have been shown in Fig. Il and Fig. III
respectively. Some negative values lead to the occurrence of loops or self-intersections. The
positions where adjacent segments meet, called joints, of the rational curve are invariant
with respect to altering a» (as shown in Fig. IV).
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The shape of the rational curves corresponding to different values of ay.
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Different rational curves corresponding to different values of a;.




Fig. IV

The shape of the rational curves corresponding to different values of as.

5 Continuous Shape Parameters

In the previous sections the formation and usage of basis functions, have been based on the
fact that the a’s are uniform shape parameters; i.e., each parameter assumes a unique value.
In this section, they are generalized to continuous shape parameters (though we address
them as continuous functions of shape parameters, hereafter) each varying continuously
along the curve. The continuous analogues of ag, aq, and ay will be denoted by ag,(u),
a,(u), and ag, (u), respectively, and describe the value of each shape parameter along the
curve segment SS;(u),1 = 0,...,m. SS;(u) represents a segment of the rational curve
based on continuous function of shape parameters. Its formulation is similar to S;(u) in
(6), except that b;(u) is replaced by bb;(u) (described below). This generalization enables
the user to have more precise control over the shape of the curve. The user is no longer
constrained to choose a unique value for each shape parameter over the entire curve. The
different values of the shape parameters can be used to reflect the local character of the
shape parameters along the curve. This is in addition to local control, which is available
with respect to the control vertices.

For simplicity, we again choose to use a uniform knot sequence (u;41 = u; + 1) to show
the derivation of continuous functions of shape parameters. Let vo,, 1, and 72, be the values
that are associated with the continuous functions of shape parameters corresponding to the
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knot value u; (as shown in fig. V). They are specified by the user and used for changing the
curve. We will refer to these values as the user_specified values for the continuous functions
of shape parameters. Now each component of the homogeneous curve, Q(u), is modified
so that in the neighborhood of the knot wu;, it is related in the following manner:

FO(u) Yo, 00 FO(w)
lim | fW(u) | = |y o 0| lim | fO(u) (9)
l f(Q)(u) Y2, 2711‘ Yo, l f(2)(u)

The above relation is satisfied by each component of Q(u), so that the projected curve,
q(u), is C? continuous. We choose the basis functions for the f;(u)’s and g(u) (components
of Q(u)) by replacing the uniform parameters by their continuous analogues in (5)

bbo(u) = gu®

bbi(u) = glao,(u) + [ay(u) + 3ag,(u)u + oz, (u) + Gon,(u) + 60‘0i(u)]u2 _

2
[Oézi(u) + 6041@;10 + 6O‘Oi(u)]u3) (10)

bbafu) = glfoo,(wan,(u) + Aag,(u))] + Colanlt) Zoalw) + Ao, -

oo ()0, (1) — G, (1) — 200, ()* — 6w, (w))]u” +

o, ()60, (1) = 0,(w) + 2o, ()* + 6o ()] s,
2

bbs(u) = g(ozoi(u))?’(l — 3u + 3 — )

The basis functions of Q(u) can be represented by many formulations. It is certainly
of interest to know about the class of functions which can be used for the continuously
varying shape parameters so that (9) holds. Many factors play an important role in the
generation of the family of functions. Frequently (i.e., for the choice of user_specified values
and continuous functions for the shape parameters), the convex hull property would not
be retained and at times visually undesirable effects like cusps or loops are introduced in
the curve. We think that using functions, which represent o, (u) as piecewise and local
in nature, as compared to global functions, would be of great use since they represent the
local behavior of these rational curves in the best possible manner, thereby providing us a
lot of flexibility for our applications.

FEach of the aj (u), (j € {0,1,2}), is a piecewise function that must interpolate the
user_specified values at the knot value. The fact that the resulting function must satisfy
the constraints mentioned in (9) limits the class of functions that can be used for o, (u).
Currently, our aim is to choose one of minimal degree, in terms of wu, since it will be
more efficient to evaluate. We determine the continuous functions of shape parameters
as polynomials of degree five. These functions are obtained by a special case of quintic
interpolation. This is derived in detail in (Manocha and Barsky 1990) yielding:

aji(u) = Vi T (7]2 - 7]2—1)“3[10 — 15u + 6U2]
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Fig. V

Continuous and discrete shape parameters for curves

5.1 Locality

We have derived the basis functions for the homogeneous curve by using continuous func-
tions of shape parameters. This representation gives the user more precise control over
the shape of the curve. Moreover, a change in any +;, affects only two adjacent segments
SS;(u) and SS;;1(u) as their shape parameter functions are affected by it. However, we
pay a price for this extra control in terms of cost of evaluation. Our basis functions are now
polynomials of degree eighteen. But they can be decomposed into products of polynomials
of degree five and three.

Any movement of a control vertex affects only four segments. This choice is independent
of the choice of shape parameters (whether uniform or continuous). This occurs because
any basis function will be nonzero only over four intervals.

5.2 Varying the ~’s
Different values of v;, affect the adjacent segments. A detailed analysis of the behavior of

the rational curves in terms of these parameters is given in (Manocha and Barsky 1990).
The parameters vy and 4; behave very similarly to the bias and tension parameters of the
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polynomial and rational Beta-spline curves (Bartels et. al. 1987; Barsky 1988). In Fig.
VI, the planar rational curves resulting from different values of ~¢’s are shown. A large
ratio in the values of vy at two adjacent joints results in cusps. Methods to analyze an
arbitrary degree rational curve for cusps are given in (Manocha and Canny 1990). A modest
reduction in the ratios of adjacent 7o’s ameliorates this effect (as shown in Fig. VI). This
behavior seems to be independent of the control vertices and the weights associated with
the knots. The choice of the functions ag,(u) is responsible for this behavior. ¥; behaves
like the tension parameter, and the effect is local, as shown in Fig. VII. Changes in the
values of the v5’s do not affect the position of the joints of the resulting curve (as has been
shown in Fig. VIII). However, large values of the ~5’s introduce loops in a curve segment
and intersections among different segments.
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Fig. VI
The shape of the rational curves obtained by varying the ~4’s.
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The shape of the rational curves obtained by varying the ~,’s.

Fig. VIII
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6 Discretely-Shaped Homogeneous Basis

In the previous section, we specified a basis for the homogeneous representation, based on
the continuous variation of shape parameters. Although, it provides us with a great amount
of local control, in terms of shape parameters, the evaluation cost is high. Moreover, our
current formulation has undesirable features like cusps and self-intersections. We think that
any function which would address these problems would be of higher degree and therefore,
the evaluation cost could be more. We now introduce another basis formulation for the
homogeneous representation of the rational curve, which provides a balance between the
evaluation cost and the desired local control in terms of shape parameters. A discretely-
shaped homogeneous basis is obtained by generalizing the uniform shape parameters, so that
at each knot value we allow the user to specify a distinct value of each shape parameter. To
be able to evaluate efficiently, we express our basis functions in terms of divided differences
of one-sided power functions. Again we form a cubic basis and the resulting curve is C?
continuous. The argument can be easily generalized to any arbitrary degree.

6.1 A Truncated Power Basis for the Homogeneous Represen-
tation

We make use of one-sided power functions and divided differences for obtaining our basis.
The notation and the terminology is similar to that used in (Bartels et. al. 1987, Chapters
5,6,7). At any given knot value, the basis functions need to satisfy (3). Thus, we need a
function that undergoes a jump in its zeroth, first, and second derivatives as it crosses a
knot. It can be represented by a function of the type:

p(W) + a;ip1(u — ﬂi+1)?r + b i1 (W — ﬂi—l—l)i + ¢ i (T — ﬂH—l)i (11)

The zeroth, first, and second derivatives from the left at @ = ;4 are p(w@iyy), pM (Wigs), and
P (T;q1), respectively. The corresponding derivatives from the right are p(@ir1) + a;iq1,
p(l)(HH_l) +b;.i41, and p(z)(mH) +2¢;,i41, respectively. Thus, there is a jump of @; ;41, b; 11,
and 2¢; ;41 in the zeroth, first, and second derivatives, respectively, at @ = ;4. Let ag ;,
aq,;, and oy ; be the values of shape parameters at the knot @;. Since the function must
satisfy the constraints mentioned in (3), we have

p(UWis1) + diiz1 = oip1p(Tigr)
p(l)(ﬂiﬂ) +biit1 = aripap(TWisr) + Oéo,i+1p(1)(ﬂi+1) (12)
PO @iga) + 201 = aninip(Tigs) + 2000019 (@inr) + 00,0019 (TWir)

From equations (12), the coefficients a; 11, b;iy1, and ¢; ;41 in equation (11) can be
determined. These equations show how to modify the coefficients of the functions used for
representing the homogeneous basis of the discretely-shaped rational curve, so that they
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satisfy the necessary and sufficient conditions for rational parametric C'* continuity. To
construct a one-sided basis function for the homogeneous representation, we start with
(uw— ﬂz)i’_ since it introduces the third derivative discontinuity at w = u;, and the resulting
rational curve can be at most C? continuous. We modify it as we cross a knot value.
Consider the following function:

hi(u) = (u-— ﬂz)i + a; i1 (T — ﬂz’+1)3. + .ot aimes(T— ﬂm+3)3. +

biit1(w — ﬂi—l—l)i + .o+ bimgs(T — ﬂm+3)}|_ + (13)
Crirt(T = Tir1)2 + .o+ Conga(T — Tpngs)
We want the coefficients of h;(%) to satisfy (3). In (Manocha and Barsky 1990), we impose
the constraints in the following algorithm to compute the coefficients:

for i « 0 step 1 until m+2 do
Sa « 0
Shb < 0
Sc «— 0
for j « i+l step 1 until min(i+4,m+3) do
P (@ — W)+ Sa 4+ i (bis (T — @) + i@ — w)*)
it 3w — @) + Sb+ 25y (cinl(@ — @)
pi),  6(T; — ;) + 2S¢
a;; — (ao; — pich
0 1
bij Oél,jpge}t + (ao,; — 1)}7;5}1‘
0 1 2
ciy] < %[a27jp§e}t —I_ 2a17jp§e}t —I_ (Oéod‘ - 1)p§e}t]
Sa < Sa + a; ;
Sb+ Sb+ bi,j
Sc « Sc+ Cij
endfor
endfor

Thus, given a knot sequence and the shape parameters at the knot values, the functions
h;(w) form a basis for the homogeneous representation of C? rational parametric curves.
We plan to use this procedure for computing the a;’s, b;’s and ¢;’s for the local basis defined
in the next section. The min operator in line 5 has been specified for that purpose. The
argument is analogous to that given in (Bartels et. al. 1987) for C? and G* polynomial
splines.

6.2 A Local Basis for the Homogeneous Representation
We can construct any homogeneous representation for a C'? rational curve as a linear com-

bination of one-sided power functions. We are not allowed to choose any arbitrary linear
combination. The coefficients used are determined by the shape parameters at the knot
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values as shown in (12) and the resulting functions are of the type h;(w). However, these
functions are computationally unsatisfying. They are only useful for their simplicity and
ease of understanding. For constructing splines, they suffer from two severe shortcomings:
numerical instability and lack of local control (Bartels et. al. 1987; Barsky 1988b). There-
fore, we need to apply differencing operations so as to obtain a local basis and to be able
to compute them quickly.

Let w; < W < Wj41. Equation (13) can be expressed as

J J J
hz(ﬂ) = + [ Z Cik — 3ﬂ2]ﬂ2 + [ Z bi,k -2 Z G pUug + 3ﬂ22]ﬂ + (14)
k=1+1 k=1+1 k=1+1
J

[ Z (aix — bixur + Czkﬂz) — ﬂ?]

k=1+1
Our aim is to apply some form of differencing operator to h;(u) so as to obtain a local
basis. We do so by successively eliminating the higher powers of @ and normalizing each
time, as explained in (Manocha and Barsky 1990).

We now define the constants, which are used for normalization. Let

i+4
Aij = ) ¢ =3
k=7+1
i+4
— —2
Bij = Y [bjx — 2c;0u] + 30 (15)
k=7+1
i+4
— —2 —3
Cij = > laje = bjatix + ¢; 4705 — T
k=7+1
fory=14, 141, 142, 1+ 3 and
Ajita = —3Ujyqa
—2
Bm’+4 == 3ui_|_4
_3
Ciiva = —Uipq
.. — Biiwi— B
27] -
Ajjpr — Aij
g - Gin =G
27] -
Ajjpr — Aij
oo L — B
27] -
Dijyr — Di;
Furthermore, we define
_ _3 _9 _ _ _ _
hj(@) = w4+ A;u + B,u+Ci; for Uirg < U< Uigs,
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hjpi(a) — h;(a)

Alhi(w) = Jor Wipy < U < Wjys,
]( ) Ai,j+1 _ A27] +4 +5
Atho (@) — Arh(w
A?hj(ﬂ) = : ng(jz — DZ» ](U) for Wips <T < Uys,
27] 27]
A2h. (@) — A?h (1w
A?h](ﬂ) = ! ];1(33 — F.Z, ](u) fOT ﬂi_|_4 S u < ﬂi+5,
27] 27]
A?hj(ﬂ) = _[A?hﬁl(ﬂ) - A?hj(ﬂ)] for Uipq < U < Uys.

The function Ath;(w) is defined for any value of @, but we ensured that it would be zero
whenever @ € [Wit4,Uiy5) or U < ;. To arrange for locality, we define our homogeneous
basis function H;(u) as

=\ 0 ﬂ<ﬂi0rﬂ2ﬂi+4
Hl(u) - { A?hz(ﬂ) U <u< Uita

Given a knot sequence comprising m + 5 knots p,...,U,+4 and shape parameters
ag,i, 01, and ay; associated with each knot value, we construct the m 4 1 basis func-
tions H;(u) in the manner defined above. Given m + 1 control vertices Vg,...,V,,, a C?
discretely-shaped rational curve is defined as

Q) =Y WiH(u) T3 <U<TUpnp

=0

in the homogeneous space or as

q(a) = szzm—]_](_) U3 S U < U1

in the projected space, where W; = (w; V,, w;).

7 Rational Geometric Continuity

All our analysis thus far has been for parametric continuity of rational curves. For each
notion of geometric continuity of parametric curves, the necessary and sufficient conditions
for the corresponding geometric continuity of rational curves are derived in (Hohmeyer
and Barsky 1989). Let us consider the notion corresponding to reparametrization. The
necessary and sufficient conditions can be expressed as replacing the matrix consisting of
o’s in (2) by a matrix that is expressed as the product of an o matrix (the same as the one
defined in (2)) and a # matrix as defined in (Barsky and DeRose 1989; Barsky and DeRose
1990; DeRose 1985). Thus, for second order rational geometric continuity, we will have five
shape parameters ag, oy, az, f1, and (3. A rational curve q(u) is said to possess second
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order rational geometric continuity at a knot value u = wug if and only if each component
of its homogeneous representation, Q(u), say f(u), satisfies the following relation:

FO(u) a 00 10 0 FO ()
Eer FO(u) = o o 0 0 5 0 Em— FO(u)
L ) ay 207 o 0 By 2] | O

This relation can be used for developing basis functions for second order rational ge-
ometric continuous curves, whose homogeneous representation is cubic. We can use this
relation to develop all the three types of basis functions; i.e., we can develop basis functions
for homogeneous representation of uniformly-shaped, continuously-shaped, and discretely-
shaped curves. A similar relationship has been defined for Frenet frame continuity of
rational curves (Hohmeyer and Barsky 1989)

& Conclusion

The rational curve is more versatile than its polynomial counterpart. The connection with
constructions in a higher dimensional space offers extra degrees of freedom. These degrees
of freedom were exploited in (Hohmeyer and Barsky 1989) to determine the necessary and
sufficient conditions for parametric and geometric continuity of rational curves. We used
the exact conditions for defining the basis functions for the homogeneous representation
of C% cubic rational curves. Although our analysis has been for parametric continuity of
rational curves, we have shown how to obtain rational curves with geometric continuity as
well.

We have highlighted three different formulations for constructing basis functions of C?
continuous rational curves. Fach form has its relative advantages and disadvantages in
terms of evaluation cost and the degree of local control relative to the shape parameters.
The shape parameters have been shown to provide us with an intuitive way of changing the
curve independent of the control vertices (Manocha and Barsky 1990). In particular, we
observed that two of the three uniform shape parameters, ag and «y, behave like the bias
and tension parameters, 8, and 3y, respectively, of the G? cubic polynomial and rational
Beta-splines. The third shape parameter, «a,, acts like a joint-invariant parameter.

The formulation of R;(u) in (4) possesses the partition of unity property irrespective of
the B;(u)’s and no normalization constraint is required on the B;(u)’s. Therefore, while
determining the basis functions for homogeneous representation, there are sixteen unknowns
and fifteen continuity constraints (for parametric or geometric continuity). We have not
exploited this property in determining basis functions for continuously-shaped or discretely-
shaped curves. Moreover, this can be used as a shape parameter whenever these basis
functions are used for tensor product surfaces. The use of these basis functions and shape
parameters for applications involving surfaces needs further investigation.
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